Under the Born-Markov approximation, a qubit system, such as a two-level atom, is known to undergo a memoryless decay of quantum coherence or excitation when weakly coupled to a featureless environment. Recently, it has been shown that unavoidable disorder in the environment is responsible for non-Markovian effects and information backflow from the environment into the system owing to Anderson localization. This turns disorder into a resource for enhancing non-Markovianity in the system-environment dynamics, which could be of relevance in cavity quantum electrodynamics. Here we consider the decoherence dynamics of a qubit weakly coupled to a two-dimensional bath with a nontrivial topological phase, such as a two-level atom embedded in a two-dimensional coupled-cavity array with a synthetic gauge field realizing a quantum-Hall bath, and show that Markovianity is protected against moderate disorder owing to the robustness of chiral edge modes in the quantum-Hall bath. Interestingly, switching off the gauge field, i.e., flipping the bath into a topological trivial phase, allows one to re-introduce non-Markovian effects. Such a result indicates that changing the topological phase of a bath by a tunable synthetic gauge field can be harnessed to control non-Markovian effects and quantum information backflow in a qubit-environment system.
I. INTRODUCTION
Relaxation and decoherence dynamics in open quantum systems is attracting a continuous and increasing interest since more than three decades, with major relevance both in foundations of quantum physics, such as for the explanation of spontaneous quantum decay and the quantum to classical transition [1], as well as for a wide variety of physical problems ranging from quantum engineering to many-body systems and quantum information science [2, 3] , where irreversible dynamical behaviors such as energy dissipation, relaxation to a thermal equilibrium, and decay of quantum coherence and correlations are commonplace. In the majority of cases, where system and environment time scales are widely separated, the evolution of the reduced density matrix of a quantum system weakly coupled to a featureless environment is governed by a master equation of the Lindblad form, which describes a memoryless dynamics typically leading to an irreversible loss of quantum features. However, with recent advances in quantum technologies and quantum engineering memory effects are becoming experimentally relevant. Therefore, great interest is currently devoted to the search and control of memory effects in large environments, as well as the development of theoretical tools to quantify the amount of non-Markovianity [4] [5] [6] [7] . Strong system-environment coupling, edge effects and structured reservoirs are the most common causes of memory effects and revivals of genuine quantum properties such as quantum coherence and entanglement [4] [5] [6] . In some recent works, it has been suggested and demonstrated that disorder in the bath can be exploited to realize strong coupling conditions for light-matter interaction [8, 9] and to enhance non-Markovian effects [10, 11] owing to Anderson localization [12] . Likewise, memory effects driven by a metal-insulator phase transition has been predicted to occur in a bath described by an incommensurate quasi periodic potential [13] , and the impact of long-range disorder on the creation and distribution of entanglement has been investigated as well in a spin chain model [14] . The interplay between many-body interaction and localization, quantum phase transitions and non-Markovianity has been theoretically investigated as well in some recent works [15] [16] [17] [18] . Most of previous studies on memory effects in open quantum systems deal rather generally with a topologically trivial environment. The interplay between topological order, quantum decay and non-Markovianity is a largely unexplored area of research, which is just being considered in some recent works [19] [20] [21] [22] [23] [24] . Topological phases of matter are the most active research fields in modern condensed matter physics, photonics and several other areas of physics [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] , and the ability of engineering a quantum bath to be topologically nontrivial is expected to become of experimental relevance in the near future. Some nontrivial features are expected to arise when the excitation decay or decoherence occur into a topologically nontrivial continuum [16] [17] [18] . The interplay between disorder and topological order is a subject of great interest [42] [43] [44] [45] [46] [47] [48] [49] [50] . In particular, chiral edge states in two-and three-dimensional topological insulators are known to be rather generally robust against mild to moderate disorder in the system [42] , while quite remarkably disorder can introduce nontrivial topological phases in systems that are topologically trivial in the crystalline phase (i.e., without disorder), leading to so-called topological Anderson insulators [47] [48] [49] [50] .
In this work we investigate the decoherence and non-Markovian dynamics of a qubit interacting with a quantum bath with reconfigurable topological phase and with disorder. The main result of our analysis is that, while in a topologically-trivial quantum environment disorder induces strong memory effects owing to Anderson localization [10] , flipping the topological phase of the bath into a non-trivial protects Markovianity against disorder in the system. The main idea is illustrated by considering the decoherence of a two-level atom embedded in an edge resonator of a two-dimensional array of coupled optical cavities with a reconfigurable synthetic gauge field, which realizes a two-dimensional quantum Hall environment [25] . Our results indicate that reconfigurable topological baths in connection with disorder can be exploited to controlling (either suppressing or enhancing) memory effects in open quantum systems.
II. MODEL AND DECOHERENCE DYNAMICS
We consider a semi-infinite two-dimensional square array of coupled optical resonators and a qubit, such as a two-level atom, embedded in a boundary resonator of the array, as schematically shown in Figure 1 . A synthetic gauge field is applied to the square lattice resonator so as to introduce Peierls phases and a non-vanishing effective magnetic flux ϕ in each plaquette of the array, thus realizing a photonic quantum-Hall topological insulator with chiral edge modes. The artificial gauge field can be accomplished, for instance, by dynamic modulation, using auxiliary cavities, or by other means, as discussed and demonstrated in several recent works [37, [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] . We also mention that different types of reconfigurable two-dimensional photonic lattice configurations, with controllable switching between topologically trivial and non-trivial phases, have been suggested and demonstrated in several other different photonic setups [61] [62] [63] [64] [65] [66] .
The bath into which the qubit is coupled is thus represented by a two-dimensional quantum-Hall (Harper-Hofstadter) system, which shows a non-trivial topological phase and chiral edge states for rational values of the non-vanishing magnetic flux. The Hamiltonian of the system (with = 1) readŝ
is the Hamiltonian of the two-level atom with resonance frequency ω 0 , σ ± are the raising and lowering operators of ground (|g ) and excited (|e ) levels,
is the Hamiltonian of the photon field in the resonator array (coupling constant κ, cavity resonance frequency ω c , and synthetic magnetic flux ϕ), and
is the interaction Hamiltonian in the rotating-wave approximation. In the above equations,â † n,m andâ n,m are the creation and destruction operators of the single-mode photon field in the (n, m) resonator of the semi-infinite array, with m = 0, ±1, ±2, ±3, ... and n = 0, 1, 2, 3, ..., δω n,m describes some deviations (disorder) of the cavity resonance frequency of resonator (n, m) from the reference value ω c , ∆ is the atom-photon coupling strength, and the two-level atom is embedded in the (n = 0, m = 0) edge resonator of the array (Figure 1 ). We assume that at initial time t = 0 the atom is prepared in the excited state while the photon field in the square lattice is in the vacuum state, i.e., |ψ(0) = |e ⊗ |0 . Apart from a phase term rotating at the frequency ω 0 , the evolved state at time t is given by
where the amplitudes q(t) and α n,m satisfy the coupled equations
(m = 0, ±1, ±2, ..., n = 0, 1, 2, 3, ...) with the initial condition
In Equations (6) and (7), H (QH) is the Hamiltonian of the quantum-Hall bath, i.e.,
and
is the frequency detuning between the resonance frequency ω 0 of the two-level atom and the reference frequency ω c of the optical mode of the resonators in the array. Clearly, |q(t)| 2 is the probability that the twolevel system remains in the excited state at time t. More generally, if at initial time the qubit is in a mixed state described by the density matrix ρ i,k = i|ρ(0)|k (i, k = g, e) and the photon field in the resonator lattice is in the vacuum state, the reduced density matrix ρ(t) of the qubit at time t, obtained after tracing out the lattice degrees of freedom, reads
Therefore, the coherence of the qubit decays as ∼ |q(t)|, where q(t) is the solutions to Equations (6) and (7) with the initial conditions defined by Equation (8). Oscillations in the decay behavior of q(t) correspond to a periodic reflux of information from the bath back to the qubit, which can be studied in terms of a non-Markovianity quantifier N [67, 68] . Such a quantifier of memory flow-back is based on the observation that in Markovian processes the distinguishability between pairs of quantum states decreases in time, and can be defined as the integral of d|q(t)|/dt extended over the time intervals where the derivative|q(t)| is positive. As discussed in previous works [10, 24] , persistent oscillations in the behavior of q(t), such those arising from Anderson localization in the continuum bath, would lead to a divergence of the non-Markoviantity quantifier. A simple regularization procedure is to introduce the temporal average [24]
where the integral is extended over the time intervals where the derivative (d|q|/dt) is positive.
III. CONTROL OF QUANTUM NON-MARKOVIANITY BY A GAUGE FIELD
The decoherence dynamics of the quit and the non-Markovianity quantifier N T are determined by the decay behavior of q(t), which requires to numerically compute the solution to the infinite-dimensional coupled Equations (6) and (7) with the initial condition (8) . In this section we unveil the major impact of the synthetic gauge field on the decoherence dynamics in the presence of disorder in the bath. Before discussing the main numerical results, it is useful to provide a simple physical explanation of the impact of the gauge field on the decay behavior of q(t). To this aim, let us first assume that there is not any disorder in the bath, i.e., δω n,m = 0 in Equation (9) . In this case, owing to the translation invariance of the bath along the y direction, the scattering states ψ n,m of the Hamiltonian H (QH) , satisfying the eigenvalue equation H (QH) ψ n,m = E(k y )ψ n,m , are of the form
(−π ≤ k y < π) where A n and the eigen-energy E(k y ) satisfy the famous Harper-Hofstadter equation [69, 70] κ(A n+1 +A n−1 )+2κ cos(2πϕn+k y )A n = E(k y )A n (14) with n = 0, 1, 2, 3, .. and with the boundary condition A −1 = 0. For ϕ = 0, the eigenstates of Equation (14) are scattering states, given by A n = sin[(n+1)k x ], with −π ≤ k x < π, while there are not any bund state localized near the edge n = 0. In this case the energy spectrum of H (QH) is gapless and defined by the simple dispersion relation
showing a single band of width 8κ as the wave number k y varies from −π to π (Figure 2a ). By varying the phase ϕ the energy spectrum E(k y ) shows a fractal structure, known as the Hofstadter butterfly [70] . For ϕ = 0, the model explicitly breaks time-reversal symmetry because of the Peierls phase factors, which leads to the appearance of topologically non-trivial energy bands, i.e., bands characterized by a non-vanishing Chern number [25] . For rational values of ϕ = p/q, the band (15) splits into q magnetic sub bands with a wide family of topologically-protected quantum Hall chiral edge states [25] . For example, for p = 1 and q = 4, the energy band (15) splits into four magnetic sub bands, with two wide gaps sustaining topologically-protected chiral edge states propagating in opposite directions, as shown in Figure 2b . To unveil the very different decay behavior in the presence of disorder for the topologically-trivial bath ϕ = 0 of Figure 2a and the topologically non-trivial bath ϕ = π/2 of Figure 2b , let us assume that the frequency detuning Ω of the two-level atom [Equation (10)] falls inside a wide magnetic gap of the topological quantum Hall bath (see the horizontal dashed curves in Figure 2 ). Clearly, in the ϕ = 0 case the two-level atom decay arises from the coupling with the two-dimensional scattering states of the bath at frequency in the band close to Ω, while for (14) versus the wave number ky in the translational invariant direction y for (a) ϕ = 0, corresponding to a topologically trivial bath, and (b) ϕ = p/q with p = 1 and q = 4, corresponding to a topologically nontrivial bath. In (b) the single tight-binding band of (a) splits into q = 4 magnetic narrow bands with non vanishing Chern numbers, separated by three gaps. In the upper and lower wide gaps chiral edge states, with opposite propagation directions, are clearly observed. The dashed horizontal line denotes the frequency detuning Ω of the qubit. ϕ = π/2 the decay arises from the coupling with the chiral edge states of the bath (rather than with bulk states). For a weak coupling ∆ κ and in the absence of disorder, the decoherence dynamics is Markovian for both ϕ = 0 and ϕ = π/2, as shown in Figure 3 . The slightly faster decay rate in the topological trivial case ϕ = 0 is basically due to a larger density of states at frequency Ω, and the decay law becomes closer to an exponential law, with a decay rate given by the Fermi golden rule, as the coupling atom-field coupling ∆ becomes smaller. Since disorder acts very different for bulk end edge chiral states, we expect a very distinct behavior in the decoherence dynamics for the disordered lattice when tuning the magnetic flux from ϕ = 0 to ϕ = π/2. This is illustrated in Figure 4 , where the detuning δω n,m of resonance frequencies is assumed to be a random number with zero mean and uniform distribution in the interval (−δ, δ). For a lattice with weak-to-moderate disorder (|δω n,m | smaller than ∼ κ), Anderson localization arises in the bulk states of the topologically-trivial bath of Figure 2a , thus leading to noticeable non-Markovian dynamics because of Rabi-like flopping as previously shown in Ref. [10] . This is clearly shown in Figure 4a , which depicts the numerically-computed behavior of the population decay laws |q(t)| 2 and corresponding values of the non-Markovian quantifier N T for 20 different realizations of disorder. Note the dependence of the decay dynamics on the disorder realization and the appearance of oscillations. On the other hand, when the magnetic flux is tuned to ϕ/2, the chiral edge states are robust against localization and the Markovianity of decoherence dynamics is protected, as shown in Figure 4b . The lower panels in Figure 4 show the statistical distribution of the non-Markovian quantifier, for ϕ = 0 and ϕ = π/2, as obtained by considering 1000 different realizations of disorder in the lattice. Clearly, in the topologically nontrivial phase the statistical distribution is almost fully squeezed toward N T = 0, indicating that with probability higher than ∼ 98% the decay remains Markovian despite the disorder. The rare event where decay becomes non-Markovian in the ϕ = π/2 phase occurs when the disorder is strong in the neighborhood of the resonator n = m = 0 of the lattice, which locally perturbs the chiral state with energy flow back into the two-level atom, while disorder in resonator frequencies far from the n = m = 0 resonator does not substantially alter the decay dynamics. On the other hand, in the trivial phase ϕ = 0 disorder induces localization of bulk eigenmodes of the 2D lattice and non-Markovianity is enhanced because of Rabi-like flopping dynamics between the qubit and near-resonant localized bulk modes. We note that the same scenario of disorder-induced non-Markovianity would be observed if the qubit were coupled to a topologically-trivial 1D tight-binding lattice with non-chiral propagating modes, as previously shown in [10] .
It should be also emphasized that, for the observation of topological protection of Markovianity, it is crucial that the qubit is primarily coupled to the chiral edge states of the quantum Hall bath in the non-trivial regime, i.e., that Ω falls inside a magnetic gap of the quantum Hall insulator (Figure 2b) . Indeed, if the qubit were significantly coupled to bulk modes, one would observe a less pronounced difference between the two phases.
As the disorder strength δ is increased to values larger than ∼ 1 − 2κ, the quantum Hall bath becomes an Anderson insulator and chiral edge states are destroyed, i.e., all states become localized [43, 44] . Hence, in the strong disorder regime we do not expect a substantial different dynamical behavior, in terms of quantum decay and non-Markovianity, between the ϕ = 0 and ϕ = π/2 magnetic fluxes. This is confirmed by numerical simulations, as shown in Figures 5 and 6 . Figure 5 shows a few examples of decay dynamics and statistical distribution of the non-Markovianity quantifier N T , over 1000 realizations of disorder, for a disorder strength increased to δ = 5κ. Note that in this case strong non-Markovian features are clearly visible both for ϕ = 0 and ϕ = π/2, i.e., topological protection of Markovianity in the ϕ = π/2 case is not anymore observed. Figure 6 shows the numerically-computed behavior of the meanvalue of the non-Markovianity quantifier N T versus disorder strength δ/κ, clearly showing the disappearance of topological protection of Markovianity as the disorder strength is increased above δ/κ ∼ 1. 25 .
Interestingly, such a result indicates that the transition of the bath, as the disorder strength is increased, from a quantum-Hall insulator to an Anderson insulator can be probed by looking at the non-Markovianity of the twolevel system dynamics.
IV. CONCLUSIONS
In summary we presented a study of the decoherence dynamics of a qubit embedded in a two-dimensional disordered quantum Hall-bath, here embodied by a coupled cavity-array, in the weak-coupling regime, with a synthetic gauge field. Thanks to this tunable synthetic gauge field, it is possible to flip the bath from trivial to nontrivial topological phase, in which the bath spectrum can shows a fractal structure, breaking time-reversal symmetry of the model and leading to appearance of topolog-ically non trivial energy-bands. In particular for rational values of the Peierls' phase the band split into magnetic sub bands with a wide family of topologically protected chiral edge states. In the absence of disorder the decoherence dynamics is Markovian in both topological phases, but while in the trivial phase the two-level atom decay arises from the coupling with the bulk states of the bath resonant with the emitter, in the non trivial phase, the decay arises from the coupling with the chiral edge states of the bath. When disorder is present in the form of random cavity detuning, the bath exhibits Anderson localization since all of its normal modes are localized. On other hand when the bath is in the non trivial phase, the chiral edge states result to be robust against localization, protecting the Markovian behavior of system's dynamics.
Our results provide important physical insights into the fields of topological order and decoherence in open quantum systems, indicating that topological baths with tunable topological properties in the presence of disorder can provide a platform to control decoherence dynamics, either enhancing or suppressing non-Markovian features. 
